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Abstract

T HE Navier-Stokes equatons are elliptic or time hyper-
bolic, but parabolizing assumptions can be made under

certain conditions leading to various boundary-layer and
space-marching formulations that can greatly accelerate the
solution time. A zonal equation method is presented which
uses zones where ellipticity is high for solution by Navier-
Stokes methods, and zones where parabolizing assumptions
are valid for solution by space-marching techniques. The con-
cept of localized ellipticity is explored and evaluated. The
zonal equation method algorithm is outlined and results of its
application presented. Good results are shown with significant
savings in time over a full Navier-Stokes solution.

Contents
Pressure gradient and streamwise diffusion terms must be

deleted or treated specially in reducing full Navier-Stokes
equations to equations amenable to space marching. These
terms are important in characterizing the ellipticity present in
each flow. Quantifying the ellipticity in a flow should be
addressed prior to the implementation of a zonal equation
method. An ellipticity parameter e can be established by using
ratios of some of the ellipticity producing terms in the Navier-
Stokes equations. In a three-dimensional flow, ellipticity can
be characterized by:

dp d2u\ I (dp d2u
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where x and u are in the streamwise direction, and secondary
velocity derivatives have been ignored. Here, ei and e2 clearly
go to zero in a purely parabolic flow such as a fully developed
straight duct flow. Testing of this ellipticity parameter in a
benchmark flow yields information on its distribution. Figure
1 shows a test case consisting of a straight duct with a square
post constriction. This case contains significant ellipticity in
the form of complex pressure gradients, flow separation, and
strong crossflow while still containing the parabolic character-
istics of straight duct flow at large distances from the post. A
benchmark solution was obtained with a full Navier-Stokes
solution to develop the ellipticity concept and to facilitate
comparison with zonal method results.

The ellipticity in the present case is presented in Fig. 2. The
strong ellipticity in the immediate vicinity of the post on all
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sides is evident, but there is less well-defined ellipticity at a
distance from the top of the post. The most important infor-
mation obtained from Fig. 2 is the actual 0(1) values of ellip-
ticity in locations where ellipticity would be expected to be
high and also the very small values obtained at a distance from
the post.

The zonal equation method algorithm is shown in Fig. 3.
The Navier-Stokes solution was obtained by time marching
using the method of pseudocompressibility.1 The space-
marching solution is with the method of Pauagare and Laksh-
minarayana.2 The assumed pressure field and ellipticity are
derived from the initial partial convergence time-marching
solution. This is an important feature of the present tech-
nique: the pressure interaction between the parabolic and el-
liptic regions.

The test case was solved with three zones: Parabolic up-
stream to x = - 0.6, elliptic for - 0.6 < x < 1.5, and again
parabolic for x > 1.5. The solution was compared to the
benchmark Navier-Stokes solution. Figure 4 shows compari-
sons of streamwise velocity along the symmetry plane at sev-
eral locations for the post case. In all cases there is quite good
agreement between the zonal method solution and the bench-
mark solution, even in the stagnation region just ahead of the
post. As would be expected, the comparison is nearly identical
at a distance from the post. A reduction in time of approx-
imately 60% was achieved with the zonal solution, which
demonstrates the significant potential for computational sav-
ings with zonal equation methods.

Further details and applications of the zonal equation
method can be found in Warfield and Lakshminarayana.3
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Fig. 1 Schematic of a straight duct with a square post.
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Fig. 2 Ellipticity distribution with height for a straight duct with a post.
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Fig. 3 The zonal equation algorithm for a two-dimensional cut in the
computational domain.

Fig. 4 Streamwise velocity comparisons along the symmetry line for
a straight duct with a post.
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